It was recently suggested that the sign of particle drift in inhomogeneous temperature or turbulence depends on the particle inertia: weakly inertial particles localize near minima of temperature or turbulence intensity (effects known as thermophoresis and turbophoresis), while strongly inertial particles fly away from minima in an unbounded space. The problem of a particle near minima of turbulence intensity is related to that of two particles in a random flow, so that the localization-delocalization transition in the former corresponds to the path-coalescence transition in the latter. The transition is signaled by the sign change of the Lyapunov exponent that characterizes the mean rate of particle approach to the minimum (which could be wall or another particle). Here we solve analytically this problem for inelastic collisions and derive the phase diagram for the transition in the inertia-inelasticity plane. An important feature of the phase diagram is the region of inelastic collapse: if the restitution coefficient of particle velocity is smaller than some critical value, then the particle is localized for any inertia. We present direct numerical simulations which support the theory and in addition reveal the dependence of the transition of the flow correlation time, characterized by the Stokes number.
Introduction
Transport of inertial particles in an inhomogeneous turbulence or in a temperature gradient is of great importance for various industrial and natural processes. There is the widely known thermophoresis: the tendency of the particles to migrate in the direction of decreasing temperature (Van Kampen 1988; Van Milligen et al. 2005) . A similar phenomenon for inertial particles in non-uniform turbulence is called turbophoresis (Caporaloni 1975; Reeks 1983 Reeks , 2014 . The standard turbophoresis was consistently described within the gradient transport model for the particle concentration under the assumption of local equilibrium (Reeks 1983 ). In that model, the turbophoretic velocity arises as a specific term in the expression for particle current which is directly proportional to gradient of the local turbulence intensity. The turbophoretic velocity is directed towards decreasing turbulence so that given zero concentration gradients and no net fluid flow in any direction, particles will migrate from high to low turbulence intensities. If turbophoresis is strong enough to overcome the effect of turbulent diffusion, the particles turn out to be localized in the vicinity of turbulence minimum. It was recently suggested (Belan et al. 2014 ) that migration of sufficiently inertial particles in an unbounded space could be actually opposite-away from minima, if the particle velocities are far from the local equilibrium with the flow. The phenomenon of reverse turbophoresis takes place for sufficiently inertial particles whose mean free path is larger then the distance from the minimum of turbulence. In this case the local equilibrium assumption fails and there is no reduced description of particle transport in terms of spatial concentration. Thus, in contrast to the standard turbophoresis, the reverse turbophoresis is a nonlocal phenomenon, not associated with any local turbophoretic current.
The change of direction of particle migration leads to localization-delocalization transition upon the change of inertia. It also means separation: when time goes to infinity, particles with low inertia go to a minimum of turbulence and concentrate there, while sufficiently inertial particles escape to infinity. In many cases of interest, there is a wall, which corresponds to the minimum either of turbulence (in wall-bounded flows) or of temperature (in furnaces, combustion chambers and kerosene lanterns). It is not known how the boundary conditions at the wall affect the direction of the particle drift. Here we derive an analytical expression for the Lyapunov exponents associated with the motion of inertial particles near an inelastic wall. That allows us to predict the localizationdelocalization transition upon the change in elasticity of collisions. A central result of our work is a phenomenon which one might call inelastic collapse: if the restitution coefficient of particle velocity is smaller than the critical value that we determine, then the particle is localized near the wall for any inertia. The theoretical predictions are in a good agreement with the results of numerics that we carry.
All the results are directly translated into the description of the statistics of the distance between two inertial particles in a spatially smooth and temporally random flow (see e.g. Falkovich et al. 2002; Wilkinson & Mehlig 2003; Bec et al. 2008) . That problem is of particular importance for the description of distribution and collisions of water droplets in clouds and for the description of planet formation. Here localization means that particles tend to approach each other and create clusters (Wilkinson & Mehlig 2003) . Our findings mean that particles always create clusters when the restitution coefficient is below a threshold, That may be of importance for wide classes of phenomena in industry, geophysics and astrophysics, from clouds to planet formation.
General relations
Consider the motion of a heavy particle embedded in an incompressible fluid flow u(r, t) near flat impenetrable wall. We introduce a reference system with the z-axis perpendicular to the wall and assume that the fluid occupies the region z > 0. The particle is assumed to be so small that the flow around it is viscous. Then, coordinate r and velocity v of the particle change according to
where τ is the particle response time (Stokes time). The boundary condition at z = 0 is inelastically reflecting so that at every collision the particle loses a definite part of its wall-normal velocity v → −βv, where β is the coefficient of restitution. The fluid velocity field is treated as a random function of time. Its statistics is assumed to be homogeneous in time, whereas there is no homogeneity in space: typical amplitude of velocity fluctuations is assumed to depend on z-coordinate due to the presence of wall. The joint probability density function (PDF) of the particle's velocity and coordinate Phase transitions in the distribution of inelastically colliding inertial particles 3 along the direction of flow inhomogeneity is defined as
where the averaging is over the statistics of random flow. There are three characteristic times for an inertial particle in spatially inhomogeneous random flow: the velocity correlation time τ c of the fluid, the particle relaxation time τ , and the time needed by the particle to feel the flow inhomogeneityτ , specified below. We first consider the case when τ c ≪ τ,τ , i.e. in particular, the Stokes number St = τ /τ c ≫ 1. Then the fluid velocity field can be treated as short-correlated and PDF (2.2) is the solution of the Fokker-Planck
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where γ = 1/τ and the effective diffusivity κ(z) = ∞ 0 u z (z, t)u z (z, 0) dt describes the non-uniform intensity of turbulence. The boundary condition at the inelastic wall is dictated by particle number (or probability) conservation: the outcoming flux of particles at the boundary is balanced by incoming flux. Thus
Our paper is devoted to the case of the quadratic profile of the diffusivity
where µ measures the intensity of fluid velocity fluctuations. This model serves as a generic profile of the eddy diffusivity near a minima of intensity of random flow. Note, however, that for large-Reynolds wall-bounded turbulence, such model can have only qualitative use, since the effective diffusivity behaves as z 4 in the viscous sub-layer and as z in the logarithmic boundary layer (Monin & Yaglom 2007 ).
The equations (2.3-2.5) constitute a standard model to describe the PDF for relative motion of two particles projected on the line connecting their centers, when the distances are below the viscous scale of turbulence, as is always the case in clouds (Falkovich et al. 2002; Bec et al. 2008) . In this case, z is the inter-particle distance and v is the relative velocity, proportional to z, so that dz/dt = v, τ dv/dt = −v + zs(t). Since the correlation time of the random velocity gradient s(t) is determined by the motions at the viscous scale and is thus independent of z, one can assume s(t) to be short-correlated and obtain Eq.(2.3) with κ(z) = µz 2 and µ = ∞ 0 s(0)s(t) dt. The boundary condition (2.4) takes into account inelastic inter-particle collisions. Thus, the results of further consideration are applicable also to the problem of relative motion of particles in a random flow.
Our goal is to determine the long-term behaviour of inertial particle near inelastic wall in the model with quadratic profile (2.5) of effective diffusivity. Namely, we are interested in the direction of preferential particle migration. The time evolution of an arbitrary initial distribution of particles in phase space is completely determined by Eqs. (2.3) and (2.4). However, an exact analytic solution is known only for constant diffusivity and ideally reflecting wall, β = 1. In the case of non-uniform turbulence the space-dependent κ determines a local time scaleτ (z) given by the time it takes the particle flying with a rms velocity to experience a difference in average turbulence intensity. The timeτ (z) is estimated as the spatial scale l ≃ κ/κ ′ of flow inhomogeneity divided by the mean local "thermal" particle velocity, which can be obtained by comparing the second and last terms in the rhs of (2.3),v(z) ≃ (γκ) 1/2 . The validity of (2.3) requires that τ c ≪τ (z), τ .
We define the dimensionless measure of particle inertia as
Apparently, for κ given by (2.5) the inertia degree is position independent, I = (µτ ) 1/3 . In the limit I ≪ 1 the approximation of local equilibrium is valid: the statistics of particle velocity is described by the Maxwell distribution with γκ(z) playing the role of local temperature. The particle concentration in the real space n(z, t) = +∞ −∞ dvρ(z, v, t) on timescales t ≫ τ obeys the equation ∂ t n = −∂ z j, where the diffusion current j is
The second term in the right hand side is proportional to the eddy diffusivity gradient and represents usual turbophoretic current in the direction of decreasing turbulence.
In the case of quadratic z-dependence of effective diffusivity the fluxless steady-state n(z) ∝ 1/z 2 is normalizable at z → ∞ so that particles concentrate near minimum of turbulence.
For inertia degree I of order 1 and larger the particles are far from the equilibrium with local turbulence and gradient transport equation for the particle real space concentration is invalid. Recent theoretical analysis (Belan et al. 2014) of quadratic model revealed a localization-delocalization transition upon the change of I for inertial particles near ideally reflecting wall: the direction of particle migration reverses as inertia degree is getting larger than some critical value I c ≈ 0.827 −1 . In the next section we present a theoretical approach allowing us to describe this transition in terms of particle trajectories. In the Section 4 the approach is extended to the case of inelastic wall.
Particles near the perfectly reflecting wall
If the wall at z = 0 is elastic (perfectly reflecting), the time dependence of the particle coordinate for each realization of turbulence is given by
where we introduced the new variable σ = v/z. The principal value of the integral corresponds to the moments of particle-wall collisions t i , for which σ becomes singular. This representation is valid for the moments of time t = t i . We wish to determine the direction of particles migration. The long-time evolution of the position is determined by the Lyapunov exponent
With the assumption of ergodicity, the time average converges to ensemble average, so that the mean value of σ in (3.2) can be calculated as σ = lim
where the probability distribution P (σ, t) = δ(σ − σ(t)) satisfies the closed FokkerPlank equation
with U (σ) = γσ 2 /2 + σ 3 /3. Note, that dynamics of variable σ decouples from that of z and v due to the quadratic z-dependence of diffusivity (2.5).
The σ-space has the topology of a circle with σ = −∞ glued to σ = +∞ at z = 0. Every F τ I Figure 1 . The dependence of the collision frequency on the inertia degree I: analytical result (3.5) (line) and numerics for β = 1, (•), 0.5 ( ) and 0.1 ( ). This plot convincingly demonstrates that collision rate does not depend on the coefficient of restitution β.
reflection from z = 0 corresponds to σ jumping from = −∞ to +∞. That topology allows the flux of probability going towards −∞ and returning from +∞: U ′ P + µγ 2 P ′ = F . The flux independent of σ corresponds to the normalizable steady state,
which realizes the minimum of entropy production (Feigelman & Tsvelik 1982) and is the asymptotic state of any initial distribution (Gawedzki et al. 2011) . The flux F is the average frequency of particle-wall collisions and behaves as
where Ai and Bi designate the Airy function of the first kind and second kind respectively. This expression comes from normalization condition for distribution (3.4), P (σ)dσ = 1.
We can now calculate the Lyapunov exponent (3.2) by using steady-state PDF (3.4)
This integral is negative at I < I c ≈ 0.827 −1 and positive otherwise (Wilkinson & Mehlig 2003) . That sign change is a phase transition, called localization-delocalization transition for motion of particle near a wall (when z is the distance from the wall) and pathcoalescence transition for inter-particle dynamics (when z is an inter-particle distance). Note that even in the delocalized phase, despite going away exponentially, z(t) returns to zero with the time-independent mean rate (3.5).
The mean squares of the coordinate and the velocity, z 2 (t) = z 2 ρ(z, v, t)dzdv and v 2 (t) = v 2 ρ(z, v, t)dzdv, obey the identical closed equations
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which have solutions in the form Ae λ1t + Be λ1t + Ce λ3t . The amplitudes A, B and C can be expressed through the initial coordinate z 0 , initial velocity v 0 and the eigenvalues λ 1 , λ 2 and λ 3 . The latter parameters are completely determined by the inertia degree I and provide the long-term exponential growth of both moments for any initial conditions. This growth may seem surprising in the case of localization; however, realizations with particles going away exist even in this case -those realization contribute negligibly ln z(t) but dominate z 2 (t) .
The case of inelastic collisions
In this section we investigate how inelastic boundary conditions influence the localizationdelocalization transition. Assuming that at every collision with wall the particle loses a definite part of its velocity we obtain v(t i + δt) = −βv(t i − δt) and z(t i + δt) = βz(t i − δt), where z(t i ) = 0 and δt → +0. Thus, the variable σ = v/z does not feel the boundary conditions at the wall: σ(t i + δt) = −σ(t i − δt). In result, the probability density function P (σ, t) relaxes to the same steady state (3.4) for any degree of inelasticity. In particular, this means that the collision frequency F does not depend on the elasticity and is completely determined by the inertia degree (see Figure 1) .
It follows from the relation z(t i + δt) = βz(t i − δt) that the particle coordinate at the moment t = t i for each particular realization of turbulence is given by
where N (t) is number of particle-wall collisions up to the moment t. The Lyapunov exponent can be then calculated as
Since the statistics of σ does not depend on β, the first term in the rhs is just the Lyapunov exponent (3.6) in the problem with an ideally reflecting wall
The second limit is the collision rate
We then express the Lyapunov exponent for any inertia parameter I and the restitution factor β: λ(β, I) = λ(1, I) + F (I) ln β.
(4.5)
Localization-delocalization phase transition corresponds to a zero Lyapunov exponent λ(1, I) + ln βF (I) = 0 which determines the transition curve (see Figure 2) ln β c (I) = − λ(I)
Calculating the integral for the infinite inertia parameter (I → ∞) one obtains non- zero value
We thus conclude that the curve of the phase transition in the plane β − I hits I = ∞ at the finite β = β 0 . There is no phase transition for less elastic walls where particles with any inertia localize. By the same token, particles coalesce if their restitution coefficient is small enough. This phenomenon can be called inelastic collapse in analogy to similar effect in driven granular matter (Cornell et al. 1998) . Even though beautiful formula (4.6) has been obtained within a short-correlated model, it perfectly corresponds to the direct numerical simulations presented in the next section for a synthetic velocity field with finite temporal correlations. It is interesting whether there exists a limiting value of inelasticity in real flows, and if yes, what is its value. In the case of a rough wall the restitution coefficient of the wall-normal velocity can be treated as a random variable having some distribution function p(β). The particle coordinate evolves as
where N (t) is again the number of bounces up to the moment t and β i is the random restitution coefficient associated with ith bounce. We assume that random numbers β 1 , β 2 , ..., β N are statistically independent. Then, one obtains the Lyapunov exponent
As before, the first term in the rhs is the Lyapunov exponent (3.6) from the problem with elastic wall. The second term can be calculated as If ln β = 1 0 ln βp(β)dβ > ln β 0 , the particle is localized for any inertia degree I. Finding the threshold for the case of a velocity-dependent restitution coefficient remains a task for the future.
Simulations
We conducted numerical simulations of the motion of particles subjected to onedimensional inhomogeneous random force. In doing numerics we model the gradient of fluid velocity as a telegraph noise. That means that we choose u = zξ(t), where the random process u = zξ(t) is a piece-wise random constant during τ c , chosen from a Gaussian distribution with a zero mean and unit variance. Varying τ c /τ we are able to explore finite-correlated flows as well. The equation of motion Eq.(2.1) is solved by the second-order Runge-Kutta algorithm with time steps much smaller than τ c . Wall reflection is modeled as follows: if a particle changes the sign of z during τ c , its coordinate flipped to opposite while its velocity changes sign and is multiplied by the restitution coefficient β.
We compute Lyapunov exponents to determine the direction of the particle drift
where averaging is over many (typically 1000) realization of the random process. The Lyapunov exponent is known to be self-averaging quantity, that is having the same value in any given long realization as after averaging over many realizations. The localizationdelocalization phase transition occurs when the Lyapunov exponent changes its sign.
To provide the relevance of the numerical simulations to our analytical model, we have used the time slot τ c (the correlation time of fluid velocity) which is much smaller than other time parameters of the problem, τ c ≪ τ, F −1 , λ −1 . In this limit, the telegraph process reproduces the case of a white noise. Figures 3 and 4 show that the mean logarithm of particle coordinate is a linear function of time. The slope changes its sign upon the change of inertia degree or elasticity. The phase diagram of localization-delocalization transition demonstrates a very good agreement of numerics and analytic theory (see Fig.  2 ).
Phase transition upon the change of the Stokes number
As stated above, there are three time parameters for an inertial particle in a random flow: the velocity correlation time τ c of the fluid, the particle relaxation time τ , the time needed by the particle to feel the flow inhomogeneityτ . In the previous sections the transition upon the change of inertia parameter I = (τ /τ ) 2/3 was demonstrated in the limit τ c ≪ τ,τ . Here we consider τ c , τ ≪τ and discuss the phase transition upon the change of the Stokes number St = τ /τ c . The particles concentration on long timescales (t ≫ τ, τ c ) obeys the equation (Belan et al. 2014 )
For quadratic diffusivity profile κ(z) = µz 2 this leads to the following expression for the average logarithm of particle coordinate ln z(t) = n(z, t) ln z dz
At the critical Stokes number St c = 1 the Lyapunov exponent vanishes and localizationdelocalization transition occurs. The reason of this transition is that at low particle inertia (St < St c ) the turbophoresis can not compensate the effect of turbulent diffusion which tends to spread the particles throughout the fluid. On the plane x = I, y = 1/St we expect the phase-transition curve to start at x = I c , y = 0 and monotonically go down to x = 0, y = 1. This is supported by the numerical data:. For β = 1 we find I c = 1.209 for St = 500, I c = 1.204 for St = 50 and I c = 1.137 for St = 5. It is important to keep in mind that an account of fluid incompressibility (and multi-dimensionality) was crucial in deriving (6.1) by Belan et al. (2014) . Therefore, the motion of particles with τ τ c cannot be modeled numerically with a one-dimensional fluid flow.
Discussion
We have studied analytically and numerically the relative motion of inertial particles or, equivalently, the particle motion near the turbulence minimum or wall. The main part of our analysis was focused on the case of a short-correlated flow with quadratic dependence of the effective diffusivity on the distance from the wall. In this model the direction of particle migration is determined by two dimensionless parameters: the inertia degree I and the restitution coefficient of particle-particle or particle-wall collisions β. We have derived analytically the phase diagram for the localization-delocalization transition in the plane I − β. Remarkably, there is a critical value of the coefficient β below which particles localize for any value of inertia I. The results are confirmed by the direct numerical simulations of particle motion in a synthetic random flow.
It is known, that in the near-wall region of developed turbulence the turbulent diffusivity behaves as z 4 inside the viscous sub-layer and as z in the logarithmic boundary layer. An interesting question is whether the results provided by exactly solvable quadratic model can be generalized to these more realistic cases. Recent analysis (Belan et al. 2015a) of inertial particles in the viscous sub-layer of wall-bounded turbulence (κ ∝ z 4 ) revealed the localization-delocalization transition exactly at β = β c . For κ ∝ z m we thus have the same threshold of inelastic collapse at m = 2 and m = 4. Moreover, the critical value (4.6) is the same for inelastic collapse of trajectories under the action of a spatially uniform random force, κ(z) =const, as long as it is zero upon the contact, κ(0) = 0 (Cornell et al. 1998) . To address the localization properties of inertial particles for any m 0 one needs to consider the boundary value problem (2.3-2.4), which will be the subject of future work.
It is important to stress that our one-dimensional consideration with a short-correlated flow is a crude approximation of reality, particularly for the problem of two inertial particles. Further numerical and experimental work is needed to establish whether there is some analogue of the collapse transition leading to clustering of particles in real flows. This seems likely as one would expect that inelastic inter-particle collisions decrease the Lyapunov exponent associated with the evolution of distance between two inertial particles below the viscous scale of turbulence.
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